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Abstract 

Biharmonic hypersurfaces in a generic conformally flat space are 
studied in this paper. The equation of such hypersurfaces is de- 
rived and is used to determine the conformally flat metric on 
the Euclidean space M™+^ so that a minimal hypersurface M"^ — > 
(W^~^^,6ij) in a Euclidean space becomes a biharmonic hypersur- 
face — > {W^^^ , f~'^Sij) in the conformally flat space. Our 
examples include all biharmonic hypersurfaces found in |Oul] and 
|0T] as special cases. 

1. Biharmonic maps and submanifolds 

All manifolds, maps, and tensor fields studied in this paper are assumed to be 
smooth. 

A map : (M, g) — > {N, h) between Riemannian manifolds is called a bihar- 
monic map if it is a critical point of the bienergy functional 
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E''{ip,n) = -I \T{ip)\^dx 



n 



for every compact subset Q of Af , where T{ip) = Trace^Vd^/? is the tension field of 
(p. The biharmonic map equation is the Euler-Lagrange equation of this functional 
which can be written as (see [Jilj ) 

(1) t\^) := Trace,(V'^V'^ - V^.M^) ' Trace,/2^(dy;, T{^))dif = 0, 
where denotes the curvature operator of (A^, h) defined by 
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A submanifold M of (A^, h) is called a biharmonic suhmanifold if its inclusion 
map i : (M, i*h) — )• (A, h) is a biharmonic isometric immersion. 

From the well-known fact that a harmonic map is a map between Riemannian 
manifold whose tension field t{lp) = Trace^Vd;/) vanishes identically and that an 
isometric immersion is minimal if and only if it is harmonic we have the following 
relationships: 

{Harmonic maps} C {Biharmonic maps}, 

{Minmal submanifolds} C {Biharmonic submanifolds}. 

These relationships justify our using the names proper biharmonic maps for those 
biharmonic maps which are not harmonic and proper biharmonic submanifolds 
for those biharmonic submanifolds which are not minimal. 

Among the interesting problems in the study of biharmonic submanifolds are 
the following two conjectures. 

Chen's conjecture (see e.g., [ChT], P], [HV], [Di], [CMUlj . pl2] . [NU] and the 
references therein): any biharmonic submanifold in a Euclidean space is minimal. 

The generalized Chen's conjecture: any biharmonic submanifold of (A^, h) with 
Riem^ < is minimal (see e.g., |CM01j . |BM01j . |BMU2j . jITU] . pTU] . pl2] . 
|0T] and the references therein). 

While Chen's conjecture is still open the generalized Chen's conjecture has been 
proved to be false in the authors recent paper |OTj . The main idea in solving the 
generalized Chen's conjecture is to construct a proper bihmarmonic hypersurface 
in a 5-dimensional conformally flat space with negative sectional curvature. This 
and the biharmonicity of the product maps (see |0u2] ) are used to construct many 
examples of proper biharmonic submanifolds in a nonpositively curved manifolds. 

A Riemannian manifold {M"^,g) is called a conformally flat space if for any 
point of M there exists a neighborhood which is conformally diffeomorphic to an 
open subset of the Euclidean space M*". More precisely, Vjo G M, there exists 
a neighborhood U, p E U G M and a diffeomorphism ip : {U, g) — > 'fiiU) C 
(M™,/i), such that Lp*h = e'^'^g, where h denotes the standard Euclidean metric 
on M™". The following facts are well known: 

• any two-dimensional Riemannian manifold is conformally flat; 
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• {Space forms} C {Conformally flat spaces}; 

• §™ X M and x M are conformally flat spaces. 

In the context of biharmonic submanifolds, there has been a growing study 
on biharmonic submanifolds in space forms (see [Chlj . |Ch2] . |CI] . |Jil] . |Ji2] . 
|(M()1] . |(M()2] . IBMOlj . |(M()2] . [Di], [M], and the references therein) in 
recent years. Some interesting examples of biharmonic hypersurfaces in some 
special conformally flat spaces and their applications in solving the generalized 
Chen' s conjecture have been obtained in |Oul] and |0T] . and some classifications 
of biharmonic submanifolds in conformally flat spaces x M and x M have 
been given in jOW] . [FOR], and jFR] . 

This paper attempts to study biharmonic hypersurfaces in a generic confor- 
mally flat space. We derived the equation for such hypersurfaces which gen- 
eralizes the equation for the biharmonic hypersurface in a space form. As an 
application, we use the equation to determine the conformally flat metric f~'^Sij 
on the Euclidean space M"'+^ so that a minimal hypersurface — > {M."^~^^, 5ij) 
in a Euclidean space becomes a biharmonic hypersurface M"^ — )• (M™''*'^, f~^Sij) 
in the conformally flat space. Our examples include all biharmonic hypersurfaces 
found previously in |Oul] and |0T] as special cases. 



2. Biharmonic hypersurfaces in a conformally flat space 

Biharmonic hypersurfaces in a generic Riemannian manifold has been studied 
in |Oul] and one of the main results is the following 

Theorem 2.1. |Oul] Let ip : M"^ — t- A^™+^ be an isometric immersion of 
codimension- one with mean curvature vector r] = H^. Then ip is biharmonic if 
and only if: 

iAH-H\A\^ + HRic''{^,O = 0, 

[2.4 (grad + f grad if2 - 2 (Ric^ (0)^ = 0, 

where Ric^ : TgN — > TqN denotes the Ricci operator of the ambient space 
defined by (Ric^ {Z),W) = Ric^ {Z,W) and A is the shape operator of the hy- 
persurface with respect to the unit normal vector ^. 

When the ambient space is a conformally flat space we have 

Theorem 2.2. Let : {M"^,g) — > (C™'^^,/i = e~^'^/i) be an isometric immer- 
sion of codimension- one with mean curvature vector i] = HE,, where {C"^~^^,h) 
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denotes a conformally flat space. Then (p is biharmonic if and only if: 
(3) 

(a'^H - H\A\^ + H{A,a + (m - l)[HesSh(a)(e, - + Igra^al^]} = 0, 

\2A (gradg H) + f gradg - 2(m - 1) H [gmdg{^a) - (ea)grad^a + A(grad^a)] = 0. 

where a is the conformal factor of {C"^~^^, h), A is the shape operator of the hyper- 
surface with respect to the unit normal vector^, grad^^, Ah and gradg, A^ denote 
the gradient and the Laplacian of ambient space (7™-+^ and the hypersurface M 
respectively. 

Proof. Let V, R, Ric, gradh, Ah denote the Levi-Civita connection, Riemannian 
curvature, Ricci curvature, the gradient operator, and the Laplace operator on 
{C"^~^^,h) respectively. The same notations with a over head will be used 
for the counterparts on {C"^^^,h) . It is well known (see e.g., |Wa] ) that the 
relationship between of the two connections and the Riemannian curvature are 
given by 

(4) VxY = VxY + {Xa)Y + {Ya)X - h{X, Y)grad,^a, 

{5)R{W,Z,X,Y) = e^''{R{W,Z,X,Y) + h{VxgTa.d^(r,Z)h{Y,W) 

-hiVYgrad^a, Z)h{X, W) + h{X, Z)/i(Vygrad^a, W) 
-h{Y, Z)/i(Vxgrad,a, W) + [{Ya){Za) 
-h{Y,Z)\gTad^a\']h{X,W) - [{Xa){Za) 
-h{X,Z)\gTadha\']h{Y,W) + [{Xa)h{Y,Z) 
-{Ya)h{X,Z)]h{gTad^a,W)}. 

In local coordinates, we have 

e '^'^Rijki = Rijki + hiiajk — hii^aji + hj^au — hjiaik + {hiihjk — hikhji)\gTadhCr\'^, 

where we have used the notation ajk = V^cTj — (Tj^aj = VfcVjCr — akcrj = 
B.ess h{cr){dj,dk) — crk(^j with Hess/j denoting the Hessian operator. 

The relationship between the Ricci curvatures of the two conformally related 
metrics is given by 

(6) RiCjfc = RiCjfc - (m - l)ajk - hjk[AhCr + (m - l)|grad;,crp]. 
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It follows that if the metric h is Euclidean (flat), i.e., the metric h = e^^"h is 
conformally flat, then we obtain the Ricci curvature of a conformally flat space 

(7) RiCjfc = (m - l)o-jfc + /ijfc[Aa + (m - l)|grad;,crp] 

= (m - l)Hess/,(a)(a,-, - (m - VjCTkOj 
+hjk[^ha + (m - l)|grad;,o-p]. 

For a conformally flat space (C™-+^, /i), we can choose local coordinates 

,x^^^) with local frame {da = gf^}a=i,---,m+i- It follows that {ea = 

da} a=i,- ,m+i form an orthonormal basis on (C"""''^, h = e~^°"/i). Let {ci, ■ ■ ■ , e^, ^} 
be an orthonormal frame on {C"^^^,h) adapted to the hypersurface M so that 
{ei}i=i^... tangent and ^ normal to M. The relationship between the two or- 
thonormal frames is given by 

Ci = T^'ea, z = 1,2, ■ ■ ■ ,m. 

where (T^) is an (m + 1) x (m + 1) orthogonal matrix. 

Using the relation ([8j) we can compute the Ricci curvatures 

(9) Ric(e,0 = e^'^T^^+iT^+iRic.fc 

= Aha + (m - l)[Hess?,(a)(e,0 - i^^f + Igrad^^al^], 

and 

m 

(10) [Ric(0]^ = 5^e2'^T;J,+i7;'^Ric,,e, 



2=1 



= {m- l)[gradg(^(T) + ^{Ae,){a)ei - <c(a)gradg(T] 

1=1 

m 

= (m- l)[gradg(^cr) - (^o-)gradgO- + ^ b{ei,ej)ej{cr)ei] 

= (m - l)[gradg(^cr) - (^cr)gradgO- + A(gradgO-)]. 

Substituting ([9]) and (ITOl) into the biharmonic hypersurface equation ([2]) we 
obtain the theorem. □ 



As immediate consequences of Theorem 12.21 we have 
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Corollary 2.3. A constant mean curvature hypersurface in a conformally flat 
space (7"^+^ is proper biharmonic if and only if 



Let M be a totally umbilical hypersurface in (7™+^, i.e., all principal normal 
curvature at any point p & M are equal to the same number X{p), it follows that 



From this we have 

Corollary 2.4. A totally umbilical hypersurface in (7™+^ is biharmonic if and 
only if its mean curvature function H is a solution of the following PDEs 



(13) 

{/\^H-mH^ + H{/\a+{m-l)[Y{ess{a){i,C) - (^a)^ + |gradap]} = 0, 
\ ^gradg //2 _ 2(m - I) H [gradg(^a) - (^cr)gradga + HgradgCj] = 0. 



if H = ^{a), f|T3l) becomes 
(14) 

J A*^i/ - + H{^a + (m - l)[Hess(a)(^, - + Igradap]} = 0, 
1 (m - 4)gradg H'^ = 0. 



In [Oul], an interesting foliation of proper biharmonic hypersurfaces was found 
in a conformally fiat space, and later in |0T] . counter examples to the general- 
ized Chen's conjecture were found by using proper biharmonic hypersurfaces in 
5-dimensional conformally fiat spaces. All those proper biharmonic hypersurfaces 
were constructed by starting with a hj^erplane (a totally geodesic hypersurface) 
in a Euclidean space and then performing a suitable conformal change of the 
Euclidean metric into a conformally fiat metric which renders the totally geo- 
desic hypersurface a proper biharmonic hypersurface. Now we study the more 





i=l 




i=l 



\A\'^ = m)? = mH^, A(gradgcr) = AgradgCr = iJgradgO". 
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general problem: given a minimal liypersurface in a Euclidean space, i.e., a min- 
imal isometric immersion, : M"^ M- (M™'"*'^, h), under what conditions on / the 
hypersurface in the conformally flat space : M"^ becomes a 

proper biharmonic hypersurface? 



Theorem 2.5. Let (f) : M'" (M"^'*'^, h) he a minimal hypersurface with the unit 
normal vector field ^ in a Euclidean space, then, the hypersurface (f> : M"^ ^ 
(M™^-^, in the conformally flat space is a biharmonic hypersurface if and 
only if 
(15) 
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/A,(/(e/)) - mgrad,/(/(e/)) - f\mA\l - 2m{U) 

+m/(e/)Hess,(/)(e,O = 0, 
2//l(grad^(e/)) - 2(m - l)(e/)A(grad^/) + (4 - m)(C/)grad^(C/) = 0, 

where h denotes the standard Euclidean metric on M™"^^ and g and A are the 
metric and the shape operator of the minimal hypersurface M"^ — > (M™"*"^ , h) . 

Proof. First of all, with the new notations, the equation (|3]) for biharmonic hy- 
persurface in the conformally fiat space (/) : M™ (M™'*'^, h = f~'^h) becomes 
(16) 

Af i/ - H\Aj,\l + H{Ana + (m - l)[Hess£(a)(e, - (?>)' + Igradsal?]} = 0, 
2A (gradg H) + f grad^ - 2{m - 1) H [grad/(a) - ^{a)gTad-ga + A{gmd-ga)] = 0, 
where a = In /. 

Claim: Let : M™ ^ [N"^^-^, h) be a minimal hypersurface with the unit nor- 
mal vector field ^. Then, the mean curvature function of M as a hypersurface 
in : {N"^+\ h = f-^h) is given by 

(17) H = e/. 

Proof of the Claim: Let : M"^ {N''^^^,h) be a hypersurface with mean 
curvature function H and the unit normal vector field ^. Let h = f~'^h be a 
conformal change of the metric. Then, a straightforward computation (see e.g., 
|Ne] ) the mean curvature function of M as a hypersurface in (A^™"*"^, h) is given 
by 

(18) H = fH + fa\nf), 
from which we obtain the Claim. 



Let {ci, ■ ■ ■ ,em,C} be an orthonormal frame adapted to the minimal hyper- 
surface : M™ (W^'^^,h) with ^ being the unit normal vector with respect 
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to the metric h. Then, {cj = /Cj, i = 1, ■ ■ ■ , m; = /^} consist an orthonormal 
frame adapted to the hypersurface : M™ ^ (R"*^^, li = f~'^h) with respect to 
the metric h. 

Using the relationship (jl]) between the connections of the two conformally 
related metrics we have 



(19) Ve^Cj = fVe,ej-ej{f)ei + 6ijgmdf,\nf, 

(20) Ve-.e = fVeX-am- 



A straightforward computation yields 



(21) \A\l = j:zM^-J,v-J) 



Noting that cr = In / we have: 





= /e.(ln/) = e.(/), 


eiei{a) 


= /e*(e»(/)) = feiCiif), 


e(a) 


= 


grad^ifT 


m+l 

= ei(ln f)ei = fgiadj, 
1=1 


|grad;icr|| 


= |gradh/|t 


Ve-,ei(cT) 


= /V,,e,(/)-e,2(/) + |grad,/|2, 




= mif), 


Vfe(^) 


= f^^^af) - (e/)' + Igradjp, 


eiei{H) 


= /e,(/e,(^)) = fe,{f)e,{H) + feMH), 




= fVeMH) - fe^{f)em + /grad,i?(/) 
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A further computation gives 

V^ei(^) = Ve-.e,(^)-6^(e,„e,)e(iy), 

(23) AffH = /A,(/e/)-/(e/)A,/-m/(grad,/)(e/), 

(24) A-,a = /A,/-m|grad,/|2, 

(25) Hess;,(a)(e,e) = ee>) - V^-^^a) 

= /Hess,(/)(e,0 + i^^? - Igra^ap, 

m 

gradf^ = ^e,(e/)e. = /Vad,(e/), 

i=l 

(26) A;i(gradf^) = f A(grad,(e/)) + /'e(/)grad,(e/), 

(27) gradfa = ^ e.(ln /)e, = / ^ e.(/)e. = /grad,/, 

i=l i=l 

(28) A;,(gradfa) = /M(grad^/) + /e(/)grad,/. 

Substituting ((III), ([21]), ([22]), ([231), ([21]), ([25^ into and simpli- 

fying the resuhing equation we obtain Equation f|T5l) which completes the proof 
of the theorem. □ 



As an application of Theorem 12.51 we have the following theorem which give a 
generalization of Theorem 3.1 in |Oul] . 

Theorem 2.6. The hyperplane : R"^ ^ {R^^+^h = f-^{xi, ...,x^, z){Y,T=i 
d^;^) with '^{xi, . . . , x^) = {xi, . . . , Xm, c) in the conformally flat space is bihar- 
monic if and only if one of the following three cases happens 

1) it is minimal i.e., fz = 0; 

2) m = 4 and f is solution of the equation 

4 

(29) J2^ffn^ - 2//./.. + ffjn - ^fjn + ^fziffz. - 2fl) = 0, 
i=l 

3) The hyperplane has nonzero constant mean curvature and f takes the form 
/(xi, . . . , Xm, z) = p{xi, . . . , Xm) + q{z) with p and q satisfying the following equa- 
tion 

mm m 

(30) {p^^Pii-m^ pI) + m{qqzz - 2ql) + {mpq^^ + 9 Pa) = 0- 

i=l 1=1 i=l 

In particular, if p = constant, then f{xi, . . . , Xm, z) = {Az + B)^^. 
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Proof. Noting that the hyperplane in the Euchdean space Lp : M*" — )■ (M'"'^-'^, h = 
Yl'iLi ^^i"^ + ^^'^) with Lp{xi, . . . , Xm) = {xi, . . . , Xm, c) is a totally geodesic hyper- 
surface with unit normal vector field ^ = dz we have = fz, A = 0, and that the 
induced metric on the hyperplane is the standard Euchdean metric g = ^™ ^ dxi"^. 
It follows that the second equation of ( 1T5|) is equivalent to 

(31) (m - 4) = 0, i = l,2,--- ,m. 

Case I: fz = 0. This means the conformally fiat metric is actually homothetic to 
the Euclidean metric and the hyperplane remains to be totally geodesic. 
Case 11: fzi = 0, i = 1,2, ■ ■ ■ ,m. In this case, the mean curvature of the hyper- 
surface is given hj H = (C^f)\z=c = constant. It follows that / takes the form 
p{xi, ■ ■ ■ , Xm) + q{z) and the first equation of (IT^ becomes 

mm m 

(32) {p^Pii-mY^ pD + m{qqzz - 2ql) + {mpqzz + q^ Pa) = 0. 

1=1 1=1 i=l 

In particular, if p = constant, then / depends on z alone and by Theorem 3.1 
in [Oulj we conclude that f{z) = {Az + B)~^. 

Case III: m = 4. In this case, one can easily (use the fact that both g and 
h are Euclidean metrics) that the first equation of f|T5|l is equivalent to fl29l) . 
Summarizing the above results we obtain the theorem. □ 

Example 1. For any A,B,C,D > 0, let = {(xi,-- - ,Xi) G Xi > 0, i = 
1, 2, 3, 4} and = M x R+. Then, the isometric immersion ip : M'^ — )■ (A^^, h = 
(Axi + B){Cz + DfiYZi da^i' + dz^)) with ^{xi, ■ ■ ■ K) and 

K > is a proper biharmonic hyper surface in the conformally fiat space. 

In fact, this can be obtained by looking for a solution of (l29l) of the form 
/ = p{xi)q{z). In this case, one can easily check that 

fi = p'{xi)q{z), fz = p{xi)q'{z), fa = p" {xi)q{z), 
fiz = p'ixi)q'{z), fzz = p{xi)q"{z), fuz = p"{xi)q{z). 

Substituting these into the equation (12^ we have 

p{x,)q'{z)q\z)[p{x^)p"{x,) - 3{p'{x,))'] + 2p^{x,)q' {zMz)q" (z) - 2{q\z)y] = 0, 

By looking for the solutions satisfying p(xj)p"(xj)— 3 (^'(xj))^ = and q{z)q"{z) — 
2{q'{z)Y = we obtain special solutions p{xi) = and q{z) = qJ'^^ with 

positive constants A, B, C, D. From this we obtain the example. 
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Recall that the main idea used in constructing a counter example to the gener- 
alized Chen's conjecture (see |UTj ) is to find a conformal change of the Euclidean 
metric on MJ^'^^ so that certain hyperplane becomes a proper biharmonic hyper- 
surface and at the same time the conformally fiat metric has nonpositive sectional 
curvature. In |Oul] . the author starts with a plane perpendicular to the last co- 
ordinate axis and searches for a conformally fiat metric whose conformal factor 
depends only on the last coordinate. It turns out that for this type of the metric 
the hyperplane does become proper biharmonic but the metric cannot be non- 
positively curved. Later in |0T] . we succeed in finding many counter examples 
by using a hyperplane in a more general position and searching for the same type 
of the conformally fiat metrics. Our next theorem shows that even we starts with 
a hyperplane that perpendicular to the last coordinate axis we can find confor- 
mally fiat metrics depending on more variables which then give negative sectional 
curvature and turn the hyperplane into a proper biharmonic hypersurface. 

Before stating and proving our next theorem we prove the following lemma 
which has its own interest. 

Lemma 2.7. Let {C"^,h = /~^(xi,--- ,Xm)YlJLid^i'^) be a conformally flat 
space and let {ci = f-^, i = 1,2,- ■■ ,m} denote an orthonormal frame on 
C™. Let P be a plan section at a point and suppose that P is spanned by an 
orthonormal basis X,Y. Then, the sectional curvature K{P) of is given by 



where ai = h{X, a), k = h{Y, a), fi= q^., fij = -q^.- 

Proof. One can easily check (see, e.g., |Wa] or (OTj) that the sectional curvature 
K{P) of is given by 

K{P) = /i(VxgradcT, X) + /i(VygradcT, Y) + |gradap - {Xaf - {Yaf 
(34) = XX{a)-{VxX){a)-{Xay 

+YY{a) - (Vyy)(a) - {Yaf + Igradap, 



m 



m 



(33) 
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where a = \n f. By hypothesis and a straightforward computation we have 





\^ 2 


1 \^ T 2 1 

= 1' i^h =1, 

i=l 






/«; 

m 






k=l 


(35) 


grader p 


m 


A further computation g 


;ives 




X(a) = 


m 

7 diCii 
i=\ 


m 

rr) = > A - f- 

^ J / J ^IJ 1 5 

i=l 




m 


m 


VxX = 


m 
X — \ 


m 


{VxX){a) = 




+ XI «»«i(^e.ej)(a) 






m m, 

i=l jj=l 


(36) XX{a) - 


(VxX)( 


m m 

o) - {Xof = ttiajffij -"^fi 

i,j=l i=l 


Similarly, we have 






(37) YY{a)-{VyY){a)- 


m m 
i,j=l i=l 


Substituting fl35|l. ()36|1, i 


(1371) into (] 


[Ml) we have 


K{P) 




[ttittj + bibj)ffij - YlT=i fh 



which gives the Lemma. □ 

Now we are ready to prove the following theorem which provides many counter 
examples to the generalized Chen's conjecture. 
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Theorem 2.8. For constants A, B, C, K, with + B"^ ^ we use S to denote 
the hyperplane in = {(xi,--- ,X4,2)} defined by ^X]^=i^« + + C = 0. 
Let = \ S and = \ S k the conformally flat space with the metric 
h = (^Eti x^ + Bz + C)-^\J2T=i d^*' + d^')- Then, 

1) The isometric immersion ip : M*^ — > (C^, h = (^X]i=i da^« 
dz"^)) with (fi{xi,--- , X4) = (xi,--- ,a:4,i^) zs a proper biharmonic hypersurface 
fort = -1 ort = j^^; 

2) For A ^ and any t with < t < 1, the conformally flat space (C^, h = 
{AJ2t=i + Bz + C')^^*(E™-^ dxj^ + dz^)) has negative sectional curvature. 

Proof. By Theorem 1221 we look for the conformal factor / of the form f{xi , ■ ■ ■ ,X4^,z) 
{A E^^]^ Xi + Bz + Cy. A simple calculation one checks that for i, j = 1, 2, 3,A,i ^ 
j, 



(38) fi = At{Aj2xi + Bz + CY-\ 

i=l 
4 

= Bt{AJ2^^ + Bz + Cy-\ 

i=l 

4 

= AH{t-l){AJ2^^ + Bz + Cy-\ 

i=l 
4 

(39) = AH{t-l){AY,x^ + Bz + Cy-^, 

i=l 
4 

= ABt{t-l){AY,x^ + Bz + Cy-^ 

i=l 
4 

= Bh{t-l){AY,x^ + Bz + Cy-', 
1=1 

4 

= A'Bt{t-l){t-2){AJ2^^ + Bz + C) 



i=l 



Substituting these into the equation we have {AA^ + B'^)t^ + {2A^ + B'^)t - 
2A^ = 0, which has solutions t = — 1 or t = j^r^- This give the first statement 
of the theorem. 
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For the second statement, we substitute fi, fij in and into the (1551) to 
have 

5 5 

K{P) = Y,{a,a,+kb^)ff,j-Y,f' 

i,j=l i=l 

5 5 4 

= Am{j2 + {Y. ^^)']^(^ - 1) - E + + ^)'*"'' 

i=l i=l j=l 

which is strictly negative since [(X^Li ^*)^ + (SLi ^«)^]'^(^ — 1) — < for 
< t < 1, and A^{A Y,]=i Xj + Bz + C)^*-^ > for A J^^i Xj + Bz + C^ 0. 
This completes the proof of the theorem. 

□ 

To conclude the paper, we would like to point out that by using Theorem 
12.51 to a totally geodesic hypersurface one can very easily prove the following 
theorem which was proved in |OTj using a different method that involves a lengthy 
computation. 

Theorem 2.9. |0T] Let a^, z = 1, 2, . . . , m and c he constants. Then, the isomet- 
ric immersion (p : — y (M™""^^, h = f''^{z){Yl'iLi dxj^+d^;^) with ^plxi, . . . , Xm) - 
(xi, . . . , Xm, Yl^i ^i^i + biharmonic if and only if one of the following three 
cases happens 

(1) /' = 0, in this case Lp is minimal (actually, totally geodesic), or 

(2) m = 4 and f is a solution of the equation 

(40) Yl + (4 - E - 4(2 + E a^){fr = 0, 

i=l i=l i=l 

or 

(3) ttj = 0, z = 1, ■ ■ ■ , m and f{z) = -j^^, where A and B are constants. 
In this case each hyperplane is a proper biharmonic hypersurface. This 
recovers a result (Theorem 3.1) obtained earlier in |Oul] . 
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